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Abstract: We find analytic solutions of hyperbolic black holes with scalar hair in AdS
space, and they do not have spherical or planar counterparts. The system is obtained by
taking a neutral limit of an Einstein-Maxwell-dilaton system whose special cases are maxi-
mal gauged supergravities, while the dilaton is kept nontrivial. There are phase transitions
between these black holes and the hyperbolic Schwarzschild-AdS black hole. The AdS
boundary of hyperbolic black holes is conformal to a de Sitter space in static coordinates.
By holography, the system we study describes phase transitions of CFTs in de Sitter space.
In addition, we give a C-metric solution as a generalization of the hyperbolic black holes
with scalar hair.
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1 Introduction
The AdS/CFT correspondence provides a powerful tool to study strongly coupled CFTs in a
given spacetime background Bd in terms of a classical gravity whose boundary is conformal
to Bd [1]. A basic example is the Schwarzschild-AdS solution
ds2 = −
(
k − 2M
r
+
r2
L2
)
dt2 +
(
k − 2M
r
+
r2
L2
)−1
dr2 + r2dΣ22,k , (1.1)
where k = 1, 0, and−1 are for positive, zero, and negative curvatures of the two-dimensional
space dΣ22,k, respectively. Properties of these three cases are as follows.
• Spherical black hole (k = 1): The AdS boundary is R× Sd−1, so the dual CFT lives
on a sphere. Black holes have a minimum temperature. There is a Hawking-Page
phase transition between a black hole and a thermal gas [2, 3].
• Planar black hole (k = 0): The AdS boundary is Rd, so the dual CFT lives on a
Minkowski space. There is no phase transition at finite temperature. If a spatial
dimensional is compactified to S1, there will be a phase transition between a black
hole and the AdS soliton [3].
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• Hyperbolic black hole (k = −1): The AdS boundary is R × Hd−1, so the CFT lives
on a hyperboloid. There is no phase transition [4, 5]. The zero mass solution is at
finite temperature, and the zero temperature solution is reached by a negative mass
[6]. The AdS boundary is conformal to a de Sitter space [7] (or a Rindler space [6]).
If we include a scalar field to the system, the hyperbolic black hole described by (1.1)
may have a phase transition to a hyperbolic black hole with scalar hair. The IR (near-
horizon) geometry of the extremal hyperbolic black hole described by (1.1) is AdS2 × H2,
and instability will happen when the IR Breitenlohner-Freedman (BF) bound is violated [8].
(As a comparison, the extremal spherical or planar black hole is the pure AdS.) Numerical
solutions of hyperbolic black holes with scalar hair were obtained [8–10].
A generalization of the Schwarzschild solution is Einstein-Maxwell-dilaton (EMD) sys-
tems. There are analytic solutions in maximal gauged supergravities whose special cases
are EMD systems [11]. Most notable cases in AdS4 are 1-charge, 2-charge, 3-charge, and
4-charge black holes, which are summarized in appendix C. Thermodynamics of STU su-
pergravity was studied in [12, 13], and there are phase transitions. Both gauge fields and
dilaton fields are in the system; if we set the gauge fields to zero, the dilaton fields will also
become zero, apparently. An EMD system whose special cases intersect with STU super-
gravity was found in [14–16], and more properties of the system was studied by [17–19].
We find a class of analytic solutions that describe phase transitions of hyperbolic black
holes. These solutions are related to supergravity and do not have spherical or planar
counterparts. We observe that there are two neutral limits for charged hyperbolic black
holes that are solutions to the EMD system. One neutral limit is the solution (1.1), in
which the dilaton becomes zero. The other neutral limit is a black hole with scalar hair.
We show that there are phase transitions between these two hyperbolic black holes.
The hyperbolic black holes can be used to study strongly coupled quantum field the-
ories in de Sitter space by the AdS/CFT correspondence, because the AdS boundary of a
hyperbolic black hole is conformal to a de Sitter space in the static patch [7]. A hyperbolic
black hole describes a CFT in de Sitter space in the static patch at temperature that may
different from the de Sitter temperature. Since there are phase transitions between hyper-
bolic black holes with and without scalar hair, the dual CFTs in de Sitter space will also
have phase transitions. This result may shed some light on phase transitions of quantum
field theories in the early universe.
This paper is organized as follows. In section 2, we present the analytic solution for
hyperbolic black holes and show that there is a phase transition. In section 3, we study
the dual CFTs in de Sitter space. Finally, we summarize and discuss some open questions.
In appendix A, we present some insights on Einstein-scalar systems. In appendix B, we
give the AdS5 and higher-dimensional solutions of hyperbolic black holes with scalar hair.
In appendix C, we summarize some special cases of STU supergravity. In appendix D, we
discuss some intriguing properties for planar black holes. In appendix E, we give a C-metric
solution as a generalization of the hyperbolic black holes with scalar hair.
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1.1 Analytic solution of an Einstein-hhhhhMaxwell-dilaton system
We mainly consider the AdS4 case, and put the higher-dimensional cases in appendix B.
The action is
S =
∫
d4x
√−g
(
R− 1
4
e−αφ@F 2 − 1
2
(∂φ)2 − V (φ)
)
, (1.2)
where@F = d@A, i.e., F = dA; the backslash emphasizes that its value will be set to zero in
the present work. The potential of the dilaton field is
V (φ) = − 2
(1 + α2)2L2
[
α2(3α2 − 1)e−φ/α + 8α2e(α−1/α)φ/2 + (3− α2)eαφ
]
, (1.3)
where α is a parameter, and the values of α = 0, 1/
√
3, 1, and
√
3 correspond to special
cases of STU supergravity. This potential was found in [14]. A simpler derivation of this
potential is given in appendix A, in which we will explain why this potential is “privileged”.
The three exponentials in V (φ) are ordered by their importance. The φ→ 0 behavior
is V (φ) = −6/L2 − (1/L2)φ2 + · · · , where the first term is the cosmological constant, and
the second term shows that the mass of the scalar field satisfies m2L2 = −2. The scaling
dimension of the dual scalar operator in the CFT is ∆− = 1 and ∆+ = 2.
The solution of the metric gµν , gauge field@Aµ, and dilaton field φ is
ds2 = −f(r)dt2 + 1
f(r)
dr2 + U(r)dΣ22,k , (1.4)
@A = 2
√
b Ac
1 + α2
(
1
rh
− 1
r
)
dt , eαφ =
(
1− b
r
) 2α2
1+α2
, (1.5)
with
f =
(
k − Ac
r
)(
1− b
r
) 1−α2
1+α2
+
r2
L2
(
1− b
r
) 2α2
1+α2
, U = r2
(
1− b
r
) 2α2
1+α2
, (1.6)
where Ac ≡ c; the backslash emphases that its value will be set to zero. The solution has
two parameters b and Ac in addition to α.
We want to eliminate the gauge field while keep the dilaton field nontrivial. If we take
b = 0, this solution will be reduced to a neutral black hole described by (1.1). If we take
Ac = 0, only in the case of k = −1 can we obtain a black hole solution. By taking Ac = 0,
the gauge field vanishes, but the dilaton field is still nontrivial. This is a neutral hyperbolic
black hole with scalar hair.
2 Hyperbolic black holes from an Einstein-scalar system
The action is
S =
∫
d4x
√−g
(
R− 1
2
(∂φ)2 − V (φ)
)
, (2.1)
where the potential is given by (1.3). According to the discussion in the last section, we
find an analytic solution of hyperbolic black holes given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + U(r)dΣ22 , (2.2)
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where dΣ22 = dθ2 + sinh
2 θdϕ2, and
f = −
(
1− b
r
) 1−α2
1+α2
+
r2
L2
(
1− b
r
) 2α2
1+α2
, U = r2
(
1− b
r
) 2α2
1+α2
, eαφ =
(
1− b
r
) 2α2
1+α2
.
(2.3)
Another solution to the system (2.1) is the hyperbolic Schwarzschild-AdS black hole
(without scalar hair) given by
f = −1− c
r
+
r2
L2
, U = r2 , φ = 0 . (2.4)
For a given α, there are two solutions. The one with lower free energy is thermodynamically
preferred. In the following, we will calculate thermodyamical quantities of the hyperbolic
black holes with and without scalar hair, and demonstrate that there are phase transitions
between the two solutions as the temperature is varied. We take L = 1 in the following.
Consider the hyperbolic black hole with scalar hair first. The curvature singularity is at
r = b. The horizon of the black hole is determined by f(rh) = 0, from which the parameter
b is expressed in terms of rh:
b = rh − r
3−α2
1−3α2
h . (2.5)
This ensures that b < rh, and the curvature singularity is always enclosed by a horizon.
The temperature is given by
T =
f ′(rh)
4pi
=
1
4pi(1 + α2)
[
(3− α2)r
1+α2
1−3α2
h − (1− 3α2)r
− 1+α2
1−3α2
h
]
, (2.6)
where we have used (2.5) to replace b with rh. The system is invariant under α→ −α and
φ→ −φ. We assume α > 0, and there are two distinctive cases as follows. See figure 1.
• α < 1/√3 or α > √3. The temperature reaches zero when
rh =
(
1− 3α2
3− α2
) 1−3α2
2(1+α2)
. (2.7)
The extremal geometry is given by (2.2) with
b =
2(1 + α2)
3− α2
(
1− 3α2
3− α2
) 1−3α2
2(1+α2)
. (2.8)
• 1/√3 < α < √3. The temperature can never reach zero. There is a minimum
temperature at
rh =
(
3α2 − 1
3− α2
) 1−3α2
2(1+α2)
. (2.9)
For a given temperature above the minimum temperature, there are two values of rh.
(When α = 1, the two values coincide.) At the minimum temperature, the geometry
is given by (2.2) with
b =
4(1− α2)
3− α2
(
3α2 − 1
3− α2
) 1−3α2
2(1+α2)
. (2.10)
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Figure 1. Temperature as a function of rr. In the left plot (α < 1/
√
3), there is one branch of
black hole solutions, and the temperature can reach zero. In the right plot (1/
√
3 < α <
√
3), there
are two branches of black hole solutions, and there is a minimum temperature.
Other thermodynamic quantities are calculated in the following.1 The mass per unit
area is
M = −8pi1− α
2
1 + α2
b . (2.11)
The entropy per unit area is
S = 16pi2U(rh) = 16pi
2r
2(1−α2)
1−3α2
h . (2.12)
It can be checked that the first law of thermodynamics dM = TdS is satisfied by (2.6),
(2.11), and (2.12). The free energy is calculated by
F = M − TS . (2.13)
The free energy as a function of temperature is plotted in figure 2.
For the hyperbolic Schwarzschild-AdS black hole, the thermodynamic quantities can
be calculated by setting c = −b and α = 0. They are
T¯ =
3r¯2h − 1
4pirh
, S¯ = 16pi2r¯2h , M¯ = −8pir¯h(1− r¯2h) . (2.14)
The free energy is F¯ = M¯ − T¯ S¯. The free energy as a function of temperature is plotted in
figure 2. The solid line is for the black hole with scalar hair, and the dashed line is for the
black hole without scalar hair. The two solutions (2.3) and (2.4) share the same geometry
when b = c = 0, which is the pure AdS. This is at rh = r¯h = 1, which gives
Tc =
1
2pi
, Fc = −8pi . (2.15)
The two curves cross at this point. There is a second-order phase transition at Tc. Besides
this, there is a first-order phase transition at the minimum temperature Tmin when 1/
√
3 <
α <
√
3.
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Figure 2. Free energy as a function of temperature for different values of α. The solid line is for
the hyperbolic black hole with scalar hair. The dashed line is for the hyperbolic Schwarzschild-AdS
black hole. A crossing point of the solid and the dashed lines is the pure AdS.
The asymptotic behavior of the scalar field near the AdS boundary r →∞ is
φ =
A
r
+
B
r2
+ · · · . (2.16)
The boundary condition for the solution (2.3) can be chosen as B/A = b. We can take
either 〈O1〉 = A or 〈O2〉 = B as the order parameter. Near Tc, we have 〈O1〉 ∼ 1 − T/Tc
1The formula for arbitrary dimension is (B.24) in appendix C. Note that the mass and entropy depend
on Newton’s constant GN . Here we have set 16piGN = 1 in the action.
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Figure 3. Condensation of the order parameter as a function of temperature. The blue line (lower
one) is for α = 0.55, for which a second-order phase transition happens at T = Tc. The purple
line (upper one) is for α = 0.6, for which a second-order phase transition happens at Tc, and a
first-order phase transition happens at a lower temperature Tmin.
and 〈O2〉 ∼ (1−T/Tc)2. Figure 3 shows the order parameter as a function of temperature.
3 Phase transitions of CFTs in de Sitter space
We are interested in strongly coupled CFTs in de Sitter space by means of the AdS/CFT
correspondence. The goal is to find an AdS solution whose boundary is conformal to a de
Sitter space in static coordinates:
dsˆ2 = −(1−H2ρ2) dt2 + dρ
2
1−H2ρ2 + ρ
2dΩ2d−2 , (3.1)
where dΩ2d−2 is the metric for a (d−2)-dimensional sphere, and H is the Hubble parameter.
The de Sitter space has a temperature given by [20]
TdS =
H
2pi
. (3.2)
The foliation of de Sitter space gives a solution
ds2 = dr2 +H2L2 sinh2
r
L
dsˆ2 . (3.3)
This solution is limited to a special case, in which the temperature T for the CFT and
the temperature TdS for the de Sitter space are the same. This solution is equivalent to
a zero-mass hyperbolic black hole; the general hyperbolic black hole described by (1.1) is
used for T 6= TdS [7]. However, there is no phase transition even in this general case [4, 5].
Here we have a more general class of neutral hyperbolic black holes. The solution of
the hyperbolic black hole in AdS4 is (2.2) and (2.3). After a coordinate transformation by
Hρ = tanh θ, the hyperbolic space dΣ22 can be written as2
dΣ22 = dθ
2 + sinh2 θdϕ2 =
H2dρ2
(1−H2ρ2)2 +
H2ρ2
1−H2ρ2 dϕ
2 . (3.4)
2The static patch of dS3 is conformal to the Lorentzian hyperbolic cylinder R×H2 [7].
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By substituting (3.4) to (2.2), the hyperbolic black hole in AdS4 can be written as
ds2 =
H2U(r)
1−H2ρ2
(
− f(r)
H2U(r)
(1−H2ρ2)dt2 + dρ
2
1−H2ρ2 + ρ
2dϕ2
)
+
dr2
f(r)
. (3.5)
The conformal boundary is at r →∞, where f(r)→ r2/L2 and U(r)→ r2. The CFT lives
on the AdS boundary, which is conformal to
ds2∂ = −
1
H2L2
(1−H2ρ2) dt2 + dρ
2
1−H2ρ2 + ρ
2dϕ2 . (3.6)
According to section 2, there are phase transitions between hyperbolic black holes with
and without scalar hair. Therefore, there will be phase transitions of CFTs in de Sitter
space (3.6).
4 Discussion
We have found a class of hyperbolic black holes with scalar hair in AdS space, by taking a
particular limit of an EMD system. For the spherical and planar black holes in the EMD
solution, the same type of limit does not give a black hole. Main conclusions are summarized
as follows.
• For the Einstein-scalar system we consider, there is an analytic solution for hyperbolic
black holes with scalar hair. The system is obtained by taking a neutral limit of an
EMD system whose special cases include maximal gauged supergravities, while the
dilaton field is kept nontrivial.
• There is a phase transition between the hyperbolic black hole with scalar hair and
the hyperbolic Schwarzschild-AdS black hole. Phase transitions can be first or second
order.
• By holography, the system we study describes phase transitions of CFTs in de Sitter
space. This may shed some light on CFTs in the early universe.
• We propose two constraints for Einstein-scalar systems (see appendix A). Conse-
quently, the potential of the scalar field is highly restricted, and analytic solutions are
available.
• We give a C-metric solution for the system (2.1) as a generalization (see appendix E).
This neutral solution is less complicated than the full EMD solution, while the dilaton
field is nontrivial.
The following topics need further investigation: (i) the special cases of α = 1/
√
3, 1,
√
3;
(ii) the dual CFT of the hyperbolic black holes [21]; (iii) the relation to the Rényi entropy
[22, 23]; (iv) the relation to CFTs in cosmological backgrounds [24]; (v) planar black holes
in Einstein-scalar systems; (vi) the black funnels and droplets from the C-metric solutions
[25, 26].
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A Structure of Einstein-scalar systems
The Einstein-scalar system has a weak form of integrability, which was presented in [27]
and [28, 29]. We will review this procedure and give more insights that enable us to find a
“privileged” potential. Consequently, we find a way to derive the potential (1.3) by relating
the k = 0 and k 6= 0 solutions. The action is (2.1), and the metric ansatz is
ds2 = e2A(r¯)(−h(r¯)dt2 + dΣ22,k) +
e2B(r¯)
h(r¯)
dr¯2 . (A.1)
The metric for the 2-dimensional sphere, plane, and hyperbloid can be written as
dΣ22,k =
dx2
1− kx2 + x
2dy2 , (A.2)
where k = 1, 0, and −1, respectively. The Einstein’s equation gives
A′B′ =
1
4
φ′2 +A′′ , (A.3)
(e3A−Bh′)′ + 2eA+Bk = 0 . (A.4)
The first equation comes from eliminating the potential V from Gtt = 12Ttt and Gr¯r¯ =
1
2Tr¯r¯.
The second equation comes from eliminating the potential V from Gr¯r¯ = 12Tr¯r¯ and Gxx =
1
2Txx. Solving V from Gr¯r¯ =
1
2Tr¯r¯ gives
V =
1
2
e−2B(φ′2h− 12A′2h− 4A′h′) + 2ke−2A . (A.5)
There is a gauge freedom, which is fixed by φ = r¯. Other equations can be derived from
(A.3), (A.4), and (A.5). Starting from a given A(r¯), we can obtain V (r¯) in the following
way
A
(A.3)−−−→ B (A.4)−−−→ h (A.5)−−−→ V . (A.6)
The function A(r¯) plays the role of a generating function. Finally, replacing the function
V (r¯) with V (φ) gives the potential. This method can be generalized to EMD systems in
a straightforward way. Only careful choices of A can we obtain a relatively simple V (φ).
Related methods are used in [30, 31], in which the potential can be generated by choices of
either the metric or the scalar field. Here, we find that the system is significantly simplified
under the following reasonable constraints.
Constraints. (i) The potential V is independent of k; (ii) The function h depends on k,
and other functions are independent of k.
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In other words, for a given V (φ), the only difference between the k = 0 solution and
the k 6= 0 solution is some terms h(k) in h. Let h(0) be the solution of h at k = 0, and we
can decompose h into two parts:
h(r¯) = h(0) + h(k) . (A.7)
The potential V solved by (A.5) apparently depends on k. Constraint (i) requires that the
terms dependent on k must cancel:
V = V (0) + V (k), V (k) = 0 . (A.8)
If A, B, and h(0) satisfy the equations of motion with V = V (0) in the k = 0 case, then A,
B, and h(k) satisfy the equations of motion with V = 0 in the k = 1 case. The key point is
that these two cases share the same generating function A, and the latter one is simpler to
solve. A solution with V = 0 and k = 1 has been given in [32].
To solve the equations of motion with V = 0 and k = 1, it is more convenient to choose
another gauge, B = −A. The metric ansatz is (1.4). Consider Einstein’s equations with
left-hand side being Rµν , and we take the following procedure:
(a) From the tt and θθ components, a simple equation is obtained (fU)′′ = 2. So fU is
a second-order polynomial of r, and we can parameterize it as
fU = (r − r1)(r − r2) . (A.9)
(b) The tt component gives (f ′U)′ = 0. The general solution for f is
f = f0
(
r − r1
r − r2
)ν1
, (A.10)
where f0 and ν1 are integration constants. At the AdS boundary r →∞, f = 1 gives
f0 = 1.
(c) The equation of motion for the scalar field is (fUφ′)′ = 0. The general solution for φ
is
eφ = eφ0
(
r − r1
r − r2
)ν2
, (A.11)
where φ0 and ν2 are integration constants. At the AdS boundary r →∞, φ = 0 gives
φ0 = 0.
(d) Equations (A.9), (A.10), and (A.11) are solution to the equations of motion, provided
that the condition ν21 + ν22 = 1 is satisfied.
(e) The coordinate r¯ in the φ = r¯ gauge and the coordinate r in the A = −B gauge are
related by φ(r) = r¯. By comparing (1.4) and (A.1), we have
eA = (r1 − r2)
(
e
1+ν1
2ν2
r¯ − e−
1−ν1
2ν2
r¯
)−1
. (A.12)
After taking r1 = b, r2 = 0, and α = 1− ν1/ν2, we obtain the generating function for
the potential (1.3) as
eA = b
(
e
1
2α
r¯ − e−α2 r¯
)−1
. (A.13)
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The solution for h from (A.4) is given by
h =
∫
e−3A+B
(
−2k
∫
eA+Bdr¯ + C2
)
dr¯ + C1 , (A.14)
where the C1 = C2 = 0 solution is the solution for the system with V = 0. To satisfy
constraint (i), h can only linearly depend on k. If we take C1 = 1 and C2 ∝ k, we obtain
the potential V as (1.3). Let Vα(φ) be the potential (1.3) with parameter α, the general
solution for the potential is
V (φ) = β1Vα(φ) + β2V−α(φ) , (A.15)
where β1 and β2 are constants.3
Since (A.3) and (A.4) are independent of the cosmological constant, the two integration
constants C1 and C2 are related to the cosmological constant. A shortcut to obtain the
potential (1.3) is as follows. Start from a solution with V (φ) = 0 and k = 1, and then use
the procedure (A.6) with h = 1 and k = 0.
B Higher-dimensional solutions
The above discussion can be generalized to higher dimensional spacetimes. The (d + 1)-
dimensional action is
S =
∫
dd+1x
√−g
(
R− 1
4
e−αφ@F 2 − 1
2
(∂φ)2 − V (φ)
)
, (B.1)
where @F = d@A. The privileged potential of the dilaton field is given as follows. The
solutions and their thermodynamic quantities were obtained in [14–19]. We observe that
neutral hyperbolic black holes can be obtained by taking a neutral limit of the EMD systems
while the dilaton field is kept nontrivial. We put a backslash on the variables that will be
set to zero in this neutral limit.
In the AdS5 (d = 4) case, the potential of the dilaton field is
V (φ) = − 12
(4 + 3α2)2L2
[
3α2(3α2 − 2)e− 4φ3α + 36α2e 3α
2−4
6α
φ + 2(8− 3α2)eαφ
]
. (B.2)
The φ → 0 behavior is V (φ) = −12/L2 − (2/L2)φ2 + · · · , where the first term is the
cosmological constant, and the second term shows that the mass of the scalar field satisfies
m2L2 = −4. The scaling dimension of the dual scalar operator is ∆± = 2. We study the
3The potential can be written as
V (φ) = Vα(φ) + β (Vα(φ)− V−α(φ)) , (A.16)
where the terms proportional to β do not change the cosmological constant and the mass of the scalar field.
A nonzero β will give a cumbersome solution of h, in which C1 = 1, and C2 is related to β. This potential
is expected to be consistent with [31], in which (A.11) was used as an assumption.
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limit that the gauge field vanishes while the scalar field is nontrivial. The solution of the
metric gµν , gauge field@Aµ, and dilaton field φ is
ds2 = −f(r)dt2 + 1
g(r)
dr2 + U(r)dΣ23,k , (B.3)
@A = 2
√
3b2Ac2
4 + 3α2
(
1
r2h
− 1
r2
)
dt, eαφ =
(
1− b
2
r2
) 6α2
4+3α2
, (B.4)
with
f =
(
k − Ac
2
r2
)(
1− b
2
r2
) 4−3α2
4+3α2
+
r2
L2
(
1− b
2
r2
) 3α2
4+3α2
,
g = f(r)
(
1− b
2
r2
) 3α2
4+3α2
U = r2
(
1− b
2
r2
) 3α2
4+3α2
,
(B.5)
where b and Ac ≡ c are parameters.
Another solution to the system (B.1) is the hyperbolic Schwarzschild-AdS black hole
(without scalar hair) given by
f = −1− c
2
r2
+
r2
L2
, g = f−1 , U = r2 , φ = 0 . (B.6)
For a given α, there are two solutions. The one with lower free energy is thermodynamically
preferred. We demonstrate that there are phase transitions between the two solutions as
the temperature is varied. We take L = 1 in the following.
Consider the hyperbolic black hole with scalar hair first. The curvature singularity is at
r = b. The horizon of the black hole is determined by f(rh) = 0, from which the parameter
b is expressed in terms of rh:
b2 = r2h − r
8−3α2
2−3α2
h . (B.7)
This ensures that b < rh, and the curvature singularity is always enclosed by a horizon.
The temperature is given by
T =
√
f ′g′
4pi
∣∣∣∣
rh
=
1
2pi(4 + 3α2)
[
(8− 3α2)r
4+3α2
4−6α2
h − (4− 6α2)r
− 4+3α2
4−6α2
h
]
, (B.8)
where we have used (B.7) to replace b with rh. The system is invariant under α→ −α and
φ→ −φ. We assume α > 0, and there are two distinctive cases as follows.
• α < 2/√6 or α > 4/√6. The temperature reaches zero when
rh =
(
4− 6α2
8− 3α2
) 2−3α2
4+3α2
. (B.9)
• 2/√6 < α < 4/√6. The temperature can never reach zero. There is a minimum
temperature at
rh =
(
6α2 − 4
8− 3α2
) 2−3α2
4+3α2
. (B.10)
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For a given temperature above the minimum temperature, there are two values of rh.
(When α = 2/
√
3, the two values coincide.)
Other thermodynamic quantities are calculated in the following. The mass per unit
volume is
M = −4pi4− 3α
2
4 + 3α2
b2 . (B.11)
The entropy per unit volume is
S = 16pi2U(rh) =
16pi2
3
r
3(4−3α2)
2(2−3α2)
h . (B.12)
It can be checked that the first law of thermodynamics dM = TdS is satisfied by (B.8),
(B.11), and (B.12). The relation between the free energy F = M − TS and temperature T
is qualitatively similar to the AdS4 case shown in figure 2.
For the hyperbolic Schwarzschild-AdS black hole, the thermodynamic quantities can
be calculated by setting c2 = −b2 and α = 0. They are
T¯ =
2r¯2h − 1
2pirh
, S¯ =
16pi2
3
r¯3h , M¯ = −4pir¯2h(1− r¯2h) . (B.13)
The two solutions (B.5) and (B.6) share the same geometry when b = c = 0, which is the
pure AdS. This is at rh = r¯h = 1, which gives
Tc =
1
2pi
, Fc = −8pi
3
. (B.14)
There is a second-order phase transition at Tc. Besides this, there is a first-order phase
transition at the minimum temperature Tmin when 2/
√
6 < α < 4/
√
6.
The asymptotic behavior of the scalar field near the AdS boundary r →∞ is
φ =
A
r2
ln r +
B
r2
+ · · · . (B.15)
The boundary condition for the solution (B.4) is A = 0. The source A is zero, and the
expectation value B is the order parameter.
The AdS boundary of the spacetime is conformal to dS4, which can be made explicit
by the following coordinates:
ds2 =
H2U(r)
1−H2ρ2
(
− f(r)
H2U(r)
(1−H2ρ2)dt2 + dρ
2
1−H2ρ2 + ρ
2dΩ22
)
+
dr2
g(r)
. (B.16)
Generally, in the action (B.1) for an arbitrary dimensional spacetime AdSd+1, the
potential of the dilaton field is
V (φ) = V1e
− 2(d−2)φ
(d−1)α + V2e
(d−1)α2−2(d−2)
2(d−1)α φ + V3e
αφ , (B.17)
where
V1 = −(d− 1)
2[d(d− 1)α2 − 2(d− 2)2]α2
L2[2(d− 2) + (d− 1)α2]2 , V2 = −
8(d− 2)(d− 1)3α2
L2[2(d− 2) + (d− 1)α2]2 ,
V3 = −2(d− 2)
2(d− 1)[2d− (d− 1)α2]
L2[2(d− 2) + (d− 1)α2]2 .
(B.18)
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The solution is
ds2 = −f(r)dt2 + 1
g(r)
dr2 + U(r)dΣ2d−1,k , (B.19)
@A = 2
√
(d− 1)bd−2Acd−2
2(d− 2) + (d− 1)α2
(
1
rd−2h
− 1
rd−2
)
dt , eαφ =
(
1− b
d−2
rd−2
) 2(d−1)α2
2(d−2)+(d−1)α2
,
(B.20)
with
f =
(
k − Ac
d−2
rd−2
)(
1− b
d−2
rd−2
) 2(d−2)−(d−1)α2
2(d−2)+(d−1)α2
+
r2
L2
(
1− b
d−2
rd−2
) 2(d−1)α2
(d−2)[2(d−2)+(d−1)α2]
,
g = f(r)
(
1− b
d−2
rd−2
) 2(d−3)(d−1)α2
(d−2)[2(d−2)+(d−1)α2]
, U = r2
(
1− b
d−2
rd−2
) 2(d−1)α2
(d−2)[2(d−2)+(d−1)α2]
.
(B.21)
The potential (B.17) can be generated by the same procedure as in section A. The metric
ansatz is
ds2 = e2A(r¯)(−h(r¯)dt2 + dΣ2d−1,k) +
e2B(r¯)
h(r¯)
dr¯2 . (B.22)
The generating function is
eA = b
(
e
d−2
(d−1)α r¯ − e−α2 r¯
)− 1
d−2
. (B.23)
The temperature as a function of rh has two distinctive cases as follows.
• 0 < α < (d− 2)
√
2
d(d−1) or α >
√
2d
d−1 . The temperature can reach zero.
• (d − 2)
√
2
d(d−1) < α <
√
2d
d−1 . The temperature cannot reach zero, and there is a
minimum temperature.
The mass and entropy per unit volume are
M =
(d− 1)Vd−1
16piGN
(
Ac+ k
2(d− 2)− (d− 1)α2
2(d− 2) + (d− 1)α2 b
d−2
)
, S =
Vd−1Ud/2(rh)
4GN
, (B.24)
where Vd−1 is the volume of the (d− 1)-dimensional unit sphere.
C Special cases of STU supergravity
In STU supergravities, there are U(1)4 gauge fields in AdS4, U(1)3 gauge fields in AdS5,
and U(1)2 gauge fields in AdS7 [11]. Special cases of them can be reduced to EMD systems.
They are 1-charge, 2-charge, and 3-charge black holes in AdS4; 1-charge and 2-charge black
holes in AdS5; 1-charge black hole in AdS7.
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The AdS4 Lagrangian is
L = R− 1
2
(∂~φ)2 + 8g2(coshφ1 + coshφ2 + coshφ3)− 1
4
4∑
i=1
e~ai·~φ(F i(2))
2 , (C.1)
where ~φ = (φ1, φ2, φ3), ~a1 = (1, 1, 1), ~a2 = (1,−1,−1), ~a3 = (−1, 1,−1), and ~a4 =
(−1,−1, 1). More details can be found in [11]. The solution is given by [33, 34]
ds2 = −(H1H2H3H4)−1/2fdt2 + (H1H2H3)1/2(f−1dr¯2 + r¯2dΣ22,k) , (C.2)
Xi = H
−1
i (H1H2H3H4)
1/4 , Ai(1) =
√
k(1−H−1i ) cothβidt , (C.3)
with Xi = e−
1
2
~ai·~ϕ and
f = k − µ
r¯
+
4
L2
r¯2(H1H2H3H4) , Hi = 1 +
µ sinh2 βi
kr¯
. (C.4)
The following special cases are obtained when some of the U(1)4 charges are the same,
and others are zero:
• 1-charge black hole (α = √3): H1 = H, H2 = H3 = H4 = 1. The Lagrangian is
L = R− 1
2
(∂φ)2 +
6
L2
cosh
φ√
3
− 1
4
e−
√
3φF 2 . (C.5)
• 2-charge black hole (α = 1): H1 = H2 = H, H3 = H4 = 1. The Lagrangian is
L = R− 1
2
(∂φ)2 +
2
L2
(coshφ+ 2)− 1
4
e−φF 2 . (C.6)
• 3-charge black hole (α = 1/√3): H1 = H2 = H3 = H, H4 = 1. The Lagrangian is
L = R− 1
2
(∂φ)2 +
6
L2
cosh
φ√
3
− 1
4
e
− 1√
3
φ
F 2 . (C.7)
• 4-charge black hole (α = 0): H1 = H2 = H3 = H4 = H. This is the RN-AdS4 black
hole.
The AdS5 Lagrangian is
L = R− 1
2
(∂~ϕ)2 + 4g2
∑
i
X−1i −
1
4
4∑
i=1
X−2i (F
i
(2))
2 . (C.8)
The solution is [35]
ds2 = −(H1H2H3)−2/3fdt2 + (H1H2H3)1/3(f−1dr¯2 + r¯2dΣ23,k) , (C.9)
Xi = H
−1
i (H1H2H3)
1/3 , Ai(1) =
√
k(1−H−1i ) cothβidt , (C.10)
with
f = k − µ
r¯
+
4
L2
r¯2(H1H2H3) , Hi = 1 +
µ sinh2 βi
kr¯
. (C.11)
The following special cases are obtained when some of the U(1)3 charges are the same,
and others are zero:
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• 1-charge black hole (α = 4/√6): H1 = H, H2 = H3 = 1. The Lagrangian is
L = R− 1
2
(∂φ)2 +
4
L2
(2e
1√
6
φ
+ e
− 2√
6
φ
)− 1
4
e
− 4√
6
φ
F 2 . (C.12)
• 2-charge black hole (α = 2/√6): H1 = H2 = H, H3 = 1. The Lagrangian is
L = R− 1
2
(∂φ)2 +
4
L2
(2e
− 1√
6
φ
+ e
2√
6
φ
)− 1
4
e
− 2√
6
φ
F 2 . (C.13)
• 3-charge black hole (α = 0): H1 = H2 = H3 = 1. This is the RN-AdS5 black hole.
In the AdS7 case, similar analysis can be done. There will be 1-charge black hole and
2-charge black hole, and the later is the RN-AdS7 black hole.
If we set µ = 0 in the above solutions, the both the gauge fields and dilaton fields will
vanish. However, in the above EMD systems, it is possible to make the gauge field vanish
while keep the dilaton field nontrivial in the k = −1 case. To see this explicitly, we can
replace β with iβ and make the following coordinate transformation:
r = r¯ + µ sin2 β. (C.14)
D Properties of the planar solution (k = 0)
The hyperbolic black hole solution is related to a planar black hole in the following way.
The action with (d− 1) axion (massless scalar) fields is
S =
∫
dd+1x
√−g
(
R− 1
4
e−αφ@F 2 − 1
2
(∂φ)2 − V (φ)− 1
2
d−1∑
i=1
(∂χi)
2
)
, (D.1)
where χi = κxi satisfies the equation of motion of χi. This system was used as a simple way
to introduce momentum dissipation, since κxi breaks the translation symmetry [36, 37]. As
pointed out in [37], for the potential (B.17), the solution to the functions with the metric
ansatz (B.19) in the k = 0 case is the same as that of a hyperbolic black hole without the
axions χi.
For an arbitrary potential V (φ) and the metric ansatz (B.22), we observe that the
equations of motion for a planar black hole with axions are the same as the equations of
motion for a hyperbolic black hole without axions, provided that we make the identification
k = − 1
2(d− 1)κ
2 . (D.2)
The planar solution without axions has an intriguing (and peculiar) property: for
α > (d − 2)
√
2
d(d−1) , the gauge field is automatically eliminated from the EMD system in
the extremal limit rh → b. In this case, the gauge field is proportional to a positive power
of (rh − b). Examples include 1-charge black hole in AdS5; 1-charge and 2-charge black
holes in AdS4. Some explanations are in section 2.3 of [38].
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Consider the AdS4 solution. When α > 1/
√
3, the gauge field has to vanish when we
take the extremal limit rh → b, because the gauge field At is proportional to a positive
power of (rh − b). The extremal solution is
ds2 = f (−dt2 + d~x2) + f−1dr2, f = r2
(
1− b
r
) 2α2
1+α2
, (D.3)
@A = 0 , eαφ = r2
(
1− b
r
) 2α2
1+α2
. (D.4)
By the coordinate transformation r = r¯ + b, the above solution becomes
ds2 = f (−dt2 + d~x2) + f−1dr¯2, f = r¯2
(
1 +
b
r¯
) 2α2
1+α2
, (D.5)
@A = 0 , eαφ = r¯2
(
1 +
b
r¯
) 2α2
1+α2
. (D.6)
The planar black hole solution to the EMD system (B.1) has the following distinctive
IR geometries in the extremal case.
• 0 < α <
√
2
d(d−1) . The IR geometry is AdS2 × Rd−1.
• α =
√
2
d(d−1) . The IR geometry is conformal to AdS2 × Rd−1.
• α >
√
2
d(d−1) . The IR geometry is a hyperscaling-violating geometry [39–41].
• α > (d− 2)
√
2
d(d−1) . The extremal limit of the EMD system (B.1) is the same as an
Einstein-scalar system.
• α >
√
2
d−1 (Einstein-scalar). The spectrum is gapped [40].
• α >
√
2d
d−1 (Einstein-scalar). The Gubser criterion [42] is violated, i.e., the singular
geometry is not the extremal limit of a finite temperature geometry [40].
E C-metric solution as a generalization
When a black hole solution is available, we can try to find a C-metric solution as a general-
ization with one more parameter. We will obtain the C-metric solution for the hyperbolic
black holes with scalar hair. As a comparison, the C-metric without scalar hair in Ricci-flat
spacetime is
ds2 =
1
a2(x− y)2
(
−F (y)dt2 + dy
2
F (y)
+
dx2
G(x)
+G(x)dϕ2
)
, (E.1)
where
F = −(1− y2)(1− 2amy) , G = (1− x2)(1− 2amx) . (E.2)
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The a → 0 limit of this solution gives the Schwarzschild solution. The C-metric solution
with a cosmological constant and different k was given in [43].
The C-metric solution for an EMD system with V (φ) = 0 was given in [44]. The C-
metric solution for the EMD system with V (φ) as (1.3) in the k = 1 case was given in [45].
A charged C-metric is significantly more sophisticated than a neutral one, and thus it is
desirable to analyze a neutral C-metric with scalar hair before the charged one.
Only in the k = −1 case can we obtain a neutral black hole with scalar hair, but
we keep the gauge field and the general k = ±1 in the following solutions. The C-metric
solution to the system (1.2) with (1.3) is
ds2 =
1
a2(x− y)2
[
h
2α2
1+α2
x
(
−F (y)dτ2 + dy
2
F (y)
)
+ h
2α2
1+α2
y
(
G(x)dx2 +
dϕ2
G(x)
)]
, (E.3)
with
hy = 1− aby , F = −(1− ky2) (1− kaAcy)h
1−α2
1+α2
y +
1
a2L2
h
2α2
1+α2
y , (E.4)
hx = 1− abx , G = (1− kx2)(1− kaAcx)h
1−α2
1+α2
x , (E.5)
@A = 2
√
b Ac
1 + α2
ydt , eαφ =
(
hy
hx
) 2α2
1+α2
. (E.6)
Again, we use the backslash to emphasize that its value is set to zero in the neutral limit.
When we take Ac = 0 and k = −1, we obtain the C-metric generalization of the solution in
section 2.
After a coordinate transformation [46]
y =
1
ar
, τ = at , (E.7)
the above solution can be written as
ds2 =
1
(1− arx)2
[
h
2α2
1+α2
x
(
−F (r)dt2 + dr
2
F (r)
)
+ h
2α2
1+α2
r
(
G(x)dx2 +
dϕ2
G(x)
)]
, (E.8)
with
hr = 1− b
r
, F = (1− ka2r2)
(
k − Ac
r
)
h
1−α2
1+α2
r +
r2
L2
h
2α2
1+α2
r , (E.9)
hx = 1− abx , G = (1− kx2)(1− kaAcx)h
1−α2
1+α2
x (E.10)
@A = 2
√
b Ac
1 + α2
1
r
dt , eαφ =
(
hr
hx
) 2α2
1+α2
. (E.11)
The a→ 0 limit of this solution is explicitly the same as (1.4)–(1.6).
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